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Abstract 

We establish global existence of smooth solutions to heat flow for 
Yang-Mills-Higgs functional on Kahler fibrations. As an application, 
we give a new proof of the key inequality for Mundet's Hitchin-Kobayashi 
correspondence theorem using the heat flow technique. 

1 Introduction 

Assume that A is a compact Kahler manifold, G is a compact connected 
Lie group, and P — > A is a principle G-bundle on A. Now suppose that 
(M,co,fi) is a compact symplectic manifold which supports a Hamiltonian 
G-group action with a moment map /i : M — >■ g. Let A be the space of 
connections on P, A ' C A be the space of connection whose curvature 
belongs to XAd &)■ Let F = P xq M — > X be the associated fiber 

bundle (fibration) on A, C the space T{F) of smooth sections of F. 

In 1999, Cieliebak-Gaio-Salamon [5] and Mundet [13] independently de- 
fined Gromov-Witten invariants of symplectic manifolds with Hamiltonian 
group actions using the vortex equation 

A Fa + m(«) = c, (1) 

where Fa denotes the curvature of the connection vlonP, A the contraction 
with the Kahler form of A, u E C, and c 6 g is a fixed central element. Lhey 
also introduced the Yang-Mills-Higgs functional (see section 2) 

yMH{A,u) = \\F A \\ 2 L2 + ||d A tt||^ + IMu) - cll^, (2) 

and prove its some fundamental properties. When A = M. 2 , the functional 
appeared in the Ginzburg-Landau theory in particle physics, which is used to 
model superconductivity. When A = M 3 , G = SU(2) and P = M 3 x 5*7(2) 
is a trivial bundle, Taubes [18] studied the existence of critical points of 
Yang-Mills-Higgs functional. When A = S is a compact Riemann surface 
and M is a compact symplectic manifold, Song [17] proved the existence of 
critical points of Yang-Mills-Higgs functional above using Sacks-Uhlenbeck's 
perturbation method. 

On the other hand, the most interesting property of the Yang-Mills-Higgs 
functional is that the vortex equation (1) is just the minimum equation of 
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Yang-Mills-Higgs functional (2). And (1) has been studied in a large number 
of work, for example [3-5, 9, 13-15]. Especially, Bradlow in [4] established the 
relation between the r-stability of holomorphic bundles with a global section 
and the existence of a hermitian metric satisfying the r-vortex equations 
by minimizing the so called Donaldson's functional. In [13, 14], Mundet 
proved the Hitchin-Kobayashi correspondence between the c-stability and 
the existence of the vortex equation (1). Hong [8] gave another proof of 
Bradlow's Hitchin-Kobayashi correspondence theorem by using heat flow 
approach, and his proof was considerably simpler than one in [4]. 

Motivated by Hong's work, we investigate the Yang-Mills-Higgs func- 
tional (2) using heat flow approach. Recently, Venugopalan [21] studied 
the heat flow of a Yang-Mills-type functional similar to (2) on the space of 
gauged holomorphic maps using another approach. 

Now let's describe the outlines of this paper. First we will give the 
generalized covariant derivative d A (see section 2) introduced in [5] 

d A u = du + L u A,\/u G C = 

and strictly define the Yang-Mills-Higgs functional 

yMH(A,u) = \\F A \\ 2 L2 + \\d A u\\ 2 L2 + - c||| 2 . 

Then we adopt Urakawa's approach [20] and strictly deduce the Euler- 
Lagrange equations of Yang-Mills-Higgs functional as follows: 

V* A d A u+(dn)*(ji(u)-c) = 0; (3) 
L* u d A u + D* A F A = 0. (4) 

We can see that the Euler-Lagrange equations above are common general- 
ization of harmonic maps and Yang-Mills connections. Therefore, we are 
interested in studying the Euler-Lagrange equations and consider the fol- 
lowing heat flow equations 

L* u d A u - D* A F A ; (5) 

V A d A u-(dfi)*(fi(u)-c). (6) 

And we can prove the global existence of (5), (6). Now we can state our 
main theorem as follows: 

Theorem 1.1. Assume that both the base manifold X and the fiber M of 
the fiber bundle T = P Xq M — > X are compact Kahler manifolds (Kdhler 
fibration), where M supports a Hamiltonian G -group action, and P is a 
holomorphic G-principal bundle over X. Let Hq be a Hermitian metric on 
P, Aq the canonical connection with respect to Hq, uq a holomorphic section 



dA 

dt 
du 
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of the fiber bundle P Xq M , i.e. d Ao uo = 0. Then Yang-Mills-Higgs heat 
flow 

OA 

— = -L* u d A u - D* A F A ; 
Ou 

— = -V* A d A u - (dfi)*(n(u) - c), 

exists an unique global smooth solution (A, u) in X x [0, +00) with initial 
value 

(A(-,0)=A),«(-,0)=«o). (7) 

For the proof of theorem, we follow Donaldson's approach [6, 8] to con- 
sider a flow of gauge transformation which is equivalent to (5), (6): 

— = -A Ao h - i[hF Ao + F Ao h + 2(/i(uo) - c)h] + 2i A {B^hh' 1 d M h) 



with h(0) = I. After that, we introduce the generalized Kahler identities 
and then prove some fundamental lemmas. Then modifying the idea of 
Donaldson, we obtain a local and global existence of the unique solution to 
(7) with initial value h(0) = I. 

Next we recall the definition of c-stability of [14]. Then by studying 
the limiting behavior of the heat flow as t — > 00, we can prove the key 
inequality [14, lemma 6.1] which is critical to the proof of the sufficiency 
part of Hitchin-Kobayashi correspondence theorem as follows: 

Theorem 1.2. ([14]) Let (A,u) G A 1 ' 1 x C be a simple pair, and assume 
that (A,u) is c-stable, then there exist positive constants C\,C2 such that 
for any s £ Met P 2B , one has 

sup\s\<C 1 y c (e s ) + C 2 , (8) 

where the definitions of Met p 2 B and ^ c can be seen in section 4- 

This paper is organized as follows. In section 2, we define Yang-Mills- 
Higgs functional and strictly deduce its Euler-Lagrange equations. In section 
3, we study the heat flow of Yang-Mills-Higgs functional and prove Theorem 
1.1. As an application, we give another proof of Theorem 1.2 using the heat 
flow technique. 

2 Preliminaries 

2.1 Yang-Mills-Higgs functional 

Suppose that X is a compact Kahler manifold, G is a compact connected 
Lie group, and P — > X is a principle G-bundle on X. Let (M, u) be a 
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compact symplectic manifold, and let G acts on M by symplecttomorphisms. 
Let g=Lie(G) denote the Lie algebra of G. For every ( £ g, denote by 
: M —7- TM the vector field whose flow is given by the action of the 1- 
parameter subgroup generated by £. Suppose that the Lie algebra g carries 
an invariant inner product < ■, ■ >. The action of G is called Hamiltonian 
if there exists an equivariant map : M — > g such that, for every £ G g, 

d< >= 1(X^)uj. 

This means that X% is the Hamiltonian vector field of the function < fi, £ >. 
The map [i is called a moment map. 

Now suppose that (M, u>, /i) is a symplectic manifold with a Hamiltonian 
group G-action. Denote by J(M,u>,n) the space of all almost complex 
structures J on TM which are invariant under the G-action and compatible 
with the symplectic structure u>; that is , u is J- invariant, and g(-, ■) = 
cj(-, </•) is a Riemannian metric on M. It follows from [12, Prop. 2.50] 
that the space J{M, oj, /i) is nonempty and contractible. Define an operator 
L : M -> C°°{q,TM) as L x = L(x) : q T x M,Vx G M, where L x £ := 

Lemma 2.1. Suppose that (M,uj,u) is a symplectic manifold with a Hamil- 
tonian group G- action. Take a u>- compatible almost complex structure J on 
M, we have identities 

L x = —J(dfj,(x))*,L* = dfi(x)J, 

where L* is the adjoint operator of L x with respect to the invariant inner 
product < •, • > and the Riemannian metric g(-, •) = J). 

Proof. First by the definition of moment map and L x , we have 

d < n(x), £ >= 1(Xs)oj(x) = oj(L x £, •), Ve G 0. (9) 

By the definition of the Riemannian metric </(-, •), we have 

u>(L x £,ri)=L>(L x S,-J(Jri))=g(L x £,-JTi) = -g{Jn, L^^n G T X M. (10) 

At the same time, Vry G T X M we have 

d < ii(x),t > ( V ) = g(dfi(x)m = g{n, (d»(x))*0 = g(Jr,, J(d»(x))*0. (11) 

By (9), (10), (11), we obtain L x = -J(dfi(x))*. Note that (L*)* = L x , J* = 
-J, so L* = dn(x)J. □ 

Let be the space of connections on P, A 1,1 C A be the space of 
connection whose curvature belongs to CI 1,1 (P x ^9) • Let T = PxqM — > X 
be the associated bundle on X with fiber M, C be the space T(T) of smooth 
sections of T . 
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In order to define Yang-Mills-Higgs functional for pairs A ' x£, it will be 
necessary to extend the definition of covariant derivative on vector bundles 
to general fiber bundles. 

According to [2] , there is a representation of the sections of the associated 
fibration J=PxcM->las functions on the corresponding principle bun- 
dle 7r : P — > X. This representation is extremely useful in doing calculations 
in a coordinate free way. 

Theorem 2.2. ([2]) Let Cq(P,M) denote the space of equivariant maps 
from P to M, that is, those maps u : P — > M that satisfy u(p-g) = g~ 1 u(p). 
There is a natural isomorphism between C = T(J r ) and Cq(P, M), given by 
sending u G C G °(P,M) to u defined by 

u{x) = \p,u(p)], 

here x £ X, p is any element of ir~ l (x), and \p,u(p)] is element of T = 
P Xq M corresponding to (p,u(p)) G P x M. 

By Theorem 2.2, from now on we can identify £ as Cq(P,M). We 
define the covariant derivative on fiber bundles T = P Xq M — > X( see [5] 
for more details). Vm £ £ = C G °{P, M). The connection A on P determines 
a connection on the fiber bundle T = P Xq M — > X. More precisely, the 
tangent space of T at [p, x] is the quotient 

T P P x T X M 

M m,-Xt(x)MeQY 

the vertical space consists of equivalence classes of the form [0, w] with w G 
T X M, and the horizontal space consists of those equivalence classes [v, w] 
where v £ T p P and w G T X M satisfy w + X Ap ^(x) = 0. The covariant 
derivative of a section u : P — > M with respect to the connection A is the 
form dAU : TP ->■ u*TM given by 

d A u{p)v = du(p)v + X Ap(v) (u(p)). 

It is easy to check that this 1-form is actually G-equivariant, and it satisfies 
dAu(p)p£, = 0, V£ G g. Hence it actually defines a covariant derivative on the 
fibration F = P Xq M — ^ X . Recall the definition of the operator L, then 
we can rewrite the covariant derivative as 

d A u = du + L u A,Vu £ C = r(T) =C£(P,M). (12) 

We can rewrite identities of lemma 2.1. as follows 

Lemma 2.3. \/u G C G °(P,M), we have identities 

L u = -J(dn(u))*,L* u = dfi(u)J. (13) 
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Now fix a central element c G Q. The Yang-Mills-Higgs functional 
yMU : A 1 ' 1 x C -> R is denned as 



yM«(A«) = ll^||| 2 + \\d A u\\ 2 L , + - clli,. 

We can see that the functional is composed of the Yang-Mills functional 
E\ = \ \Fa\\^2, the energy functional E2 = \ \dAu\\ 2 L2 and the Higgs functional 
E3 = \ \fi(u) — c\\ 2 L 2- Next we compute its critical points equations. 

2.2 The Euler-Lagrange equations 

Adopting [20] 's method, first fix the connection A and take a variation 
ut of u, i.e., Ut G Cq(P, M),uo = u. So the Yang-Mills functional E\{A,ut) 
is fixed, and we only need calculate £2 and £3. Choose a metric h on P, 
9 = 9{'i ") = "7') on M and their corresponding Levi-civita connections 
V,V. Further V,V induce connections V* on T*P, V on u*TM — > P, 
V*®Von T*P ® m*TM. Let U C P, (x*) G 17, n(C7) C F C M, G F 
be local coordinates. In the local coordinates, we can write 

d 

d A {u) = ifydx 1 (g) (^-g • u), 



where 



and 



so 



d 

d 

= (du + X A u)(-^®dyt 

= ^ + X ^ U " 
to? v 



<d A u,d A u> = < (— + X Ai uP)dx i ®^,{^+X Aj u a )dxi®—> 
= Wg a ^ + X Ai u^ + X Aj u«). 



Therefore we have 



f f Q U P Q u a 

E 2 {A,u t ) = J x < d A u t ,d A u t >= j^h v g a p(u t )(^+X A X)(-^j+X Aj u?) 
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By compatibility between metrics and connections above, 
Vt(ti j g a t}) = 0,Vk(V j g a t ) ) = 0. 

By symmetry, 

±\ t=0 E 2 (A,u t ) = 2f^g aP {u t )V t \ t=0 (^ + X A ^ t )(^- + X A3 uf). 

Now we need compute V t \t=o(^r + X Ai u$). Since V t (§^-) = Vj(%-), we 
only need compute Vt(X Ai (u^ )). Using the equivalent definition of connec- 
tion by parallel translation, we get 



V t {X Ai {u l l)) = V v ,{X Ai ). 



Let V r ^ = %-| t=0 ,then 



j t \ t=0 E 2 (A,u t ) = 2j^g a ^u)(V i V^ + V v (A i )(^))(^ r +X Aj (u a )) 



2 / < VV, d A u > + < V V A, d A u > 
Jx 

2 / < W + V v A,d A u > 
Jx 



Jx 



< V A V,d A u >, 

x 



where A G ^ 1 (-P, g), V € r(u*TM), W G ^(P, u*TM). 

As for ^(-A, = ||/i(itt) — c||^ 2 = ~~ c| 2 cfoo£, we have 

^|t=o#3 = 2 f < <M-^l*=o),M u o) 
= 2 y <d/i(F), M ( ? 



c > 

(u) — c > cfooZ. 



Thus the first variation formula of Yang-Mills-Higgs functional for u is: 
j t \t=oyMU{A,u t ) = j t \t=v{E 2 + E z ) 



= 2 / (< V A V,d A u > + < dn(V),n(u) - c>) 
= 2 / (< V, V^u > + < V, (d^)*(fi(u) - c) >) 

= 2/ < V,V^«+(d^)*(M(«) -c) >), 
Jx 



where V = ^|t=o G r(u*TM) is the variation vector field, : T(u*TM) 
fi 1 (P, u*TM) the covariant derivative, and is the adjoint operator of V A . 

In all, we get the first Euler-Lagrange equation with respect to u: 
j t \t=oyMH(A,u t ) = O^V A d A u+{dp,y{fi(u)-c) = Q. 

Next we fix u and study the first variation formula for A £ A. It is 
obvious that we only need compute E\ = ^\F A \^ L i,F,2 = Hd^f-tH^- 

First we recall the variation of connection ([10]). Because space of con- 
nection on principle G-bundle P — > X is an affine space: d + Q}(X : adP), 
where adP is the associate bundle of P with respect to the adjoint repre- 
sentation of G. Thus it suffices to vary A along lines A t = A + tB, Aq = 
A,\/B G d + f^pT, adP). It is easy to compute 

F At = F A + tD A B + t 2 B AB, 
d At u = du + X A+t B(u) = d A u + tXs(u). 

So we have 

E 1 + E 2 = / < F A + tD A B + t 2 B A B,F A + tD A B + t 2 B A B > 
Jx 

+ < d A u + tXB(u),d A u + tXB{u) > 

= 2t [ (< d A (u), X B (u) > + <F A , D A B >) + ■■■ 
Jx 

Therefore 

dyMU{A u u) ^ = Q ^ < dAuMu) > + < Fa DaB > 

= / < d A u, L U B > + < F A , D a B > 
Jx 

= [ <L* u d A u + D A F A ,B>=0, 
Jx 

where L u : g ->■ u*TM defined by £ G g (->■ X^(ii), L* : u*TM ->■ g is adjoint 
of L u , is adjoint operator of Z?a- 

Therefore we obtain the second Euler-Lagrange equation of the Yang- 
Mills-Higgs functional for A: 

L* u d A u + D\F A = 0. 

To sum up, we obtain 
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Theorem 2.4. The Euler- Lagrange equations of Yang-Mills-Higgs func- 
tional 

yMH(A,u) = \\F A \\ 2 L2 + \\d A u\\ 2 L2 + Mu) - c||| 2 
are as follows: 

V* A d A u + (dfx)*(fj,(u) - c) = 0; 

L* u d A u + D* A F A = 0. 

Remark 2.1. When G = 1, then the Euler-Lagrange equations above can 
be reduced to the equation of harmonic maps 

V*du = -TraceVdu = 0. 

When the fiber M = pt, then the Euler-Lagrange equations above can be 
reduced to the equation of Yang-Mills connections [1, 6]: 

D* A F A = 0. 

Therefore, the Euler-Lagrange equations of Yang-Mills-Higgs functional are 
common generalization of harmonic maps and Yang-Mills connections. 

In addition, there is the gauge group Q = Aut{P) action on pair (A,u). 
Similar to the Yang-Mills functional , the Yang-Mills-Higgs functional is in- 
variant under group Q action, therefore we have 

Proposition 2.5. The Euler-Lagrange equations above are invariant under 
the gauge group Q = Aut(P) action. 



3 Heat flow 

In this section, we will prove the long term existence of the heat flow of 
Yang-Mills-Higgs functional (2). The heat flow equations are 

L* u d A u - D* A F A ; 

V* A d A u - (dfj,)* (n(u) - c). 

Modifying Hong [8]'s method, we first prove the energy inequality of Yang- 
Mills-Higgs functional. 



dA 

~dt 

du 

~dt 



9 



3.1 Energy inequality 



Consider the behavior of the Yang-Mills-Higgs functional yMH(A t ,ut) 
along the heat flow equations 

dA 

— = -L* u d A u - D* A F A ; 
Ou 

— = -V* A d A u - (dfi)*(n(u) - c). 
Following [8], we can similarly obtain 

Lemma 3.1. (Energy inequality) If the pair (A t ,ut) is a solution to Yang- 
Mills-Higgs heat flow (5), (6) on X x [0, oo), then for t < oo 

ft f Q u 

yMH{A t ,u t ) + 2 / {\ — \ 2 + \L* a d A u + D A F A \ 2 )dxdT = yMH{A ,uo). 

(14) 

Proof. On one side, by (5), (6) we have 

f x \^\ 2dx = (^.-VidA«-(dA*r(M(«)-c))((6)) 



= -^,V A d A u)-(^,(d»Y(»(u)-c)) 

Ou Ou 
= -{V A ^d A u))-{—,{dn)*{ii{u)-c)) 

= -(^^,d A u)) + (^(u),d A u) - (|, {dnT{n{u) - c)) 
-(^^,d A u)) - (L* u d A u + D* A F A )(u),d A u) 
-(W(^),A*(«)-c)((5)) 

- -~ J (\d A u\ 2 + " c ' 2 ) " ( L «^ n + ^a), L*d A u). 



On the other side, 
2dt 



= -(Z? A (L;d A n + J DlF 4 ),F 4 )((5)) 
= -(L* u d A u + D* A F A ,D* A F A ). 

Therefore, we have 

\jt X (|i?A|2 + ldAU{2 + " ^ = ~ S x { ^ 2 + lKdAU + D * FA ^ dx - 
Integration on both sides we complete the proof. □ 
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Corollary 3.2. Yang-Mills-Higgs functional decreases along the heat flow. 



3.2 Local existence 

Following Donaldson's approach [6, 8], consider the complex gauge group 
G C , which acts on A 1 ' 1 by 

d g {A) =g-d A - g' 1 , <9 3( A) = g*' 1 -d A -g* (15) 

where g* denotes the conjugate transpose of g. Extending the action of the 
unitary gauge group, 

Q = {g^Q c \Kg)=g*g = l], 

which means 

g' 1 ■ d g (A) -g = d A + h^dA^g^Fg^g = F A + d A {h~ l d A h), (16) 
where h = g*g. 

Consider following heat equation for a one-parameter family H t of met- 
rics on some holomorphic bundle over X: 

r) ff 

— = -2iH[F t + n(u)-c], (17) 

where F t = /\Fjj t ■ This heat equation is completely equivalent to the equa- 
tion: 

— = -A Ao h- i[hF Ao + F Ao h + 2(n(u ) - c)h] + 2i MdAohh^dAzh), (18) 

with h(0) = I, where A Ao is the Laplacian defined through an integrable 
connection Aq(B a ^ = 0), h is a positive self-adjoint endomorphism of a 
unitary bundle such that H(t) = Hoh(t), and Hq is the initial Hermitian 
metric on P. As pointed out in [6, 8], (18) is a nonlinear parabolic equation, 
so we obtain a short time solution to (18) by standard parabolic PDE theory. 
Therefore we obtain a short-time solution to (18). 

Then we need do some necessary calculations. First we need generalize 
the Kahler identities ([6, 7, 11]) from vector bundle- values case to fiber 
bundle-values case where the fibre is a manifold not a vector space. 

Fix the Kahler metric on X as 

ho = h k -jdzk dzj , 
and define the Kahler form ojx as 

= l -h k jdz k A dzj, i = y^T- 
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Let A be a connection on the principal bundle P over the Kahler manifold 
X, so we have 

d A : C%{P, M) -»• Q^(P, u*TM), d A u := du + L U A. 

Then we have 

d A : Cg(P,M) -»• nlf(P,u*TM) 
d A u = ^(d A u - J ■ d A u ■ j), 

and 

<9a : Cg(P,M) -> Jig 1 (P,u*TM) 
d A u = ^(d A u + J • d^u • j), 

making up 

= #a + <9a, 

where j is the fixed complex structure of the Kahler manifold X, and J is a 
(j-compatible almost complex structure of the symplectic manifold M. 
We denote Q k the A;-form and recall the decomposition 

p+q=k 

of fe-forms into (p, q) forms. On the Kahler manifold X with Kahler form 
ujx we define 

L : Q.™ -> nP+ 1 '«+ 1 , Lfa) = r] A ujx ■ 
The we can define an algebraic trace operator A by 

A = L* : Q p ' q ->• nP" 1 ' 9-1 . 
Through the definition of A, we have 

Lemma 3.3. (Generalized Kahler identities) When the fiber M of fiber 
bundle J 7 =PxgM^-X is a compact Kahler manifold, or equivalently J 
is a complex structure of M , we have 

5 A = i[d A ,A]; (19) 
d* A = -i[3 A ,A]. (20) 

Proof. Our case is essentially same as vector bundle- value case [6, 7, 11]. □ 
Then we will do some calculations. 
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Lemma 3.4. Let Aq G A ' is a connection on P. Assume that uq G 
Cq(P, M) is holomorphic with respect to the connection Aq and J (A$ and 
J determine a holomorphic structure on P XqM), i.e., B Ao uq = 0. Assume 
that A(t) = g(t)(A ),u(t) = g(t)(u ), g{t) G G c . Then we have 

d A{t) u(t) = o,F A(t) en 1 > 1 . (21) 

Proof. By (15) and (16), we have 

dg(A ) = 9-dAo-g' 1 ; 

9~ lF g{A a )9 = FA +d Ao {h~ l dh), 

where h = g*g. Thus by the transformation formulas and conditions above 
we have 

F A{ t) = F g * {Ao) = g(F Ao + B^h-'dh^g- 1 G SI 1 ' 1 . 

And 

d A (t)u{t) = g • B Ao • g^guo = gd Ao u = 0. 
This completes the proof. □ 
Lemma 3.5. Assume the same conditions as lemma 3.4- and write 

A = A(t) = g{t)(A ),u = u{t) = g(t){u ), 

we have 

{d A -d A ){v{u))=i-L* u (d A u). (22) 

Proof. By previous definitions of B A , d A , we have 

(Ba - B A )(fi(u)) = i ■ d A (fi(u)) ■ j = i- dn{u){d A u ■ j), (23) 

where j is the fixed complex structure of X, i = 
On the other hand, by lemma 2.3, we have 

L* u {d A u) = dfi(u)J(d A u) = dfi(u)(J • d A u). (24) 

By lemma 3.4, we know 

= B A ( t }u(t) = B A u = d A u + J • d A u • j 

<^ J • d A u = d A u • j. (25) 
Thus combining (23), (24) and (25) we complete the proof. □ 
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Lemma 3.6. Suppose that M is a compact Kahler manifold. Let Aq G 
A 1 ' 1 , and uq G Cq(P,M) such that 8a uq = 0. Assume that A = A{t) = 
g(t){A ),u = u(t) = g(t)(u ),g(t) G G c . We have 

d* A F A = i(d A - 8 A ) A F a . (26) 

Proof. First by Bianchi identity d A F A = we have 

8 A F A = —d A F A . (27) 

By lemma 3.4 we know F A G Q 1 ' 1 , so d A F A G Q 2,1 ,B A F A G Q 1 ' 2 , we have 

d A F A = B A F A = 0. (28) 

Thus by generalized Kahler identities (lemma 3.3) and (28) we have 

d* A F A = (B\ + d A )F A 

= i(d A - 8 A ) A F a - i A (d A F A - 8 A F A ) 
= i{pA — 8a) A Fa- 

This completes the proof. □ 

Lemma 3.7. Assume the same conditions as lemma 3.6, we have 

d* A d A = i A {8 a 8a - 8 a 8a) 

and 

d* A d A - i A F A = 2B\8 A . 
Proof. By generalized Kahler identities and lemma 3.4, 

d* A d A = (8* A + d* A )(8 A + d A ) 

= iA(8 A d A -d A B A ), 

and we also have 

d* A dA = 8* A d A + 8 A 8 A - 

Then 

d A B A - B\8a = i A 8 A d A + i A d A 8 A 
= * A (4) 
= i A Fa- 

Therefore we have 

d\d A — i A F A = 28* A 8 A . 
This completes the proof of lemma 3.7. □ 
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Now take any g G Q c such that g*g = h (for example g = h 1 / 2 ). Since h 
solve (18), we have 

%9~ X +9*% = -H^F g{Ao) + M («) - c]. (29) 

Here we use a fact that the moment map \i is equivariant, i.e., gfi{uo)g~ 1 = 
fi(g(uo)) = n(u). Then as [8], at the time t, 

~dt ~ 9e' €=0 ^ d (9+td t g)A + O(g+edtg)A ) 
= dAig^dtgn + dAigdtg- 1 ). 



So we have 

dA 
~dt 



8 A (g*d t g*) - BAidtgg- 1 ) 

-d A i[AF A + - c] - l -d A {d t gg~ l ) + \d A (g*d t g*) + 

B A i[AF A + p(u) - c] + \d A {g*d t g*) - ^B^gg' 1 ) 

i(d A - d A )[AF A + n(u) - c] + d A (a(t)) 

-i(8 A - 8 A ) A F a + - - c) + d A (a(t)). 



Due to lemma 3.5 and lemma 3.6, we have 
dA 



... : -d A F A -L* u (d A u) + d A (a(t)), (30) 

where a(t) is defined by a(t) = \{g*^§- t — dtgg^ 1 ). 

Using (29) we obtain 

du a -i 
— = O+qq u 

dt yy 

= -i[AF A + - c]u --{g*-L-- d t gg- l )u 
= — i A F4U — iL u (fj,(u) — c) — a(i)it. 

By lemma 2.3, lemma 3.4 and lemma 3.7, we have 
du 

— = -d* A d A u - (d/j,)* (fi(u) - c) - a(t)u. (31) 

Assume h is the solution of (18), let g = . The corresponding pair 
(A(t),u(t)) = (g(A(j), g(uo)) thus is a solution to (30) and (31). Through a 
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gauge transformation of the equivalent flow (30), (31), we prove the local 
existence of Yang-Mills-Higgs heat flow. 

Now let S(t) be the unique smooth solution to the following initial value 
problem: 

^■S- 1 = -a(t),S(0)=I, (32) 

where 

a(t)= 1 -(g*^-d t gg~ 1 ). 

Let 

d A = S _1 ■ d A • S,u = S~ 1; u, 

we have 

S- 1 • d\F A ■ S = d* A F A ; 
S- 1 -Ll(d A u).S = L* u (d A u), 

and 

d A (a) = d A ■ a — a ■ d A . 
Combining these equalities with (32), we have 

d* A F A - L* u (d A u); 

d* A d A u — (d/j,)* (/j,(u) — c). 

We ultimately get a smooth solution on X x [0, e). This completes the proof 
of the following local existence theorem: 

Theorem 3.8 (Local existence). Assume that both the base manifold X and 
the fiber M are compact Kahler manifolds, where M supports a Hamiltonian 
G '-group action, and P is a holomorphic G-principal bundle over X. Let 
Aq G A 1 ' 1 be a given smooth connection on P with curvature F Ao of type 
(1,1) and let no G C be holomorphic, i.e. B Ao uq = 0. Then there exist 
a positive constant e > and a smooth solution (A(x , t) , u(x , t)) such that 
(A,u) solve the Yang-Mills-Higgs heat flow (5), (6) in X x [0, e) with initial 
values A(x, 0) = Aq and u(x, 0) = uq. 



OA 

dt 
du 

~dt 
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3.3 Global existence 

Recall the equivalent heat equation (17) 
dH t 



at 



-2iH t [F t + n{u)-c\. 



In order to study the uniqueness of heat flow, we also introduce a distance 
between metrics as in [6]. 

Definition 3.1. For any two metrics H, K on the principle G-bundle P, set 

t(H,K) = Tr(H~ l K); 

a(H, K) = t{H,K) + t{K,H) -2rank{G). 

It follows immediately from that the inequality 

A + A -1 > 2, VA > 0, (33) 

that a(H, K) > with equality if and only if H = K. Following [6], we can 
prove a lemma which is exactly the same as [6, Prop. 12] 

Lemma 3.9. IfH t ,K t are two solutions of the evolution equation (17), then 
writing a = cr(H, K), we have 

^ + Aa<0. (34) 

Using lemma 3.9, we can prove local uniqueness of the heat equation 
(17) 

Theorem 3.10. (Local uniqueness) Any two smooth solutions Ht, Kt, which 
are defined for < t < e, are continuous at t = 0, and we have the same 
initial condition Hq = Kq, agree for all t G [0, e). 

Proof. Using lemma 3.9, apply the maximum principle to a(H t ,K t ). □ 

Now we prepare to prove global existence of the heat flow (5), (6). Recall 
that we take an invariant inner product on q, which induces a norm | • |. 
Then set 

e = | A F A + fi(u) - c\ 2 . (35) 

By Theorem 3.8, assume that (A,u) is a solution of the Yang-Mills-Higgs 
heat flow (5), (6) on X x [0,T): 

OA 

— = -L* u d A u - D* A F A ; 
du 

— = -V* A d A u - (d(i)*(n(u) - c), 

with curvature F A G fi 1 ' 1 and d A u = on X x [0, T), then we have 
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Theorem 3.11. Assume that both the base manifold X and the fiber M 
are compact Kahler manifolds, where M supports a Hamiltonian G-group 
action, and P is a holomorphic G-principal bundle over X. Let Aq 6 A 1,1 
be a given smooth connection on P with curvature Fa of type (1,1) and let 
uq G C be holomorphic, i.e. B Ao uq = 0. Suppose that (A, u) is local solution 
of Yang-Mills-Higgs heat flow (5), (6) in X x [0, e) with initial values Aq and 
uq, then we have 

+ A)e < 0, (36) 
where A = V* a Va is the Laplacian. 

To prove this theorem, it suffices to prove an equality 
Lemma 3.12. Assume the same conditions as in Theorem 3.11, we have 

d 

(— + A)e = -2\V A (AF A + - c)| 2 - 2\L U (AF A + - c)| 2 . 

Proof. By direct computation, we have 

1 d d d 

- — | AF A + ii(u) -c\ 2 = Re < —(AF a ) + — (p(u) — c), AF A + fj,(u) — c > 

d 

= Re < —(AF A ), AF a + fi(u) — c > 
d 

+Re < - c), AF A + n(u) - c> . 

And we also have 

Re < q-^Fa), AF a + n(u) - c> 
dA 

= Re<Ad A (—),AF A + n(u)-c> 

= Re < - A d A {L* u d A u + d* A F A ), AF A + fj,(u) - c> ((5)) 

= Re < i A d A (d A - d A ) A F A - Ad A (L* a d A u)), AF A + fi(u) - c > (lemma 3.6) 
= Re < i A {d A d A - d A d A ) A F A , AF A + /j,(u) - c > 

-Re < Ad A (L* u d A u)),AF A + //(u) - c> (B\ = 0) 
= -Re<V* A V A (AF A ),AF A + n(u)-c> 

—Re < Ad A (L* u d A u)), AF A > —Re < Ad A (L* u d A u)), fx(u) — c > (lemma 3.7) 
= -Re<V* A V A (AF A ),AF A + fi(u)-c> 

-Re < Ad A (d A u),L u (AF A ) > -Re < Ad A (d A u), L u ([i(u) — c) > 
= -Re < V* A V A (AF A ), AF A + - c > -|L U (AF A )| 2 

-Re < L u (AF A ),L u ((i(u) - c) > (d\ = F A ), 
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and 



Re < —(n(u)), AF A + n(u) -c> 

= -Re < d/j,(V A d A u),AF A + n(u) - c > 

-Re < dfi((dfi)* (fi(u) - c),AF A + fi(u) -c> ((6)) 

= -Re < d/j,(V* A d A u), AF A + n{u) - c> 

—Re < L*L u (/x(u) — c), AF A + n(u) — c > (lemma 2.3) 

= -Re < dfj,(V A d A u), AF A + fJ,{u) - c > 

-Re < L u (n(u) - c),L u (AF A ) > -\L u (n(u) - c)| 2 . 

Then add equalities above, we have 
1 d 

-— e = -Re<V* A V A (AF A ),AF A + t i(u)-c> 

-Re < dn(V A d A u),AF A + fi(u) - c> -\L u (fi(u) - c)\ 2 
-\L U {AF A )\ 2 - 2Re < L u (AF A ),L u (n(u) - c) > 
= -Re < V A V A (AF A ), AF a + n(u) - c> 

-Re < dfi(V A dAu),AF A + n{u) - c > -\L U (AF A + fi{u) - c)| 2 . 

On the other hand, we have 

^Ae = V* A Re < V A (AF A + h{u) - c), AF A + fx(u) - c) > 

= Re < V* a ^a(AF a + n{u) - c), A Fa + n{u) - c) > 

-\V A {AF A + v{u)-c)\ 2 
= Re<V* A V A (AF A ),AF A + fi(u)-c)> 

+Re < V^V A (/u(n)), AF A + n{u) - c) > 

-\V A {AF A + fi{u)-c)\ 2 
= Re< V a ^a{AF a ),AF a + ^{u)-c) > 

+Re < dn(V* A d A u),AF A + fj,(u) - c) > 

-\V A {AF A + u(u)-c)\ 2 . 

Combining equalities above we complete the proof of lemma 3.12. □ 

Lemma 3.13. Assume the same conditions as in Theorem 3.11, then sup x e 
is a decreasing function oft. 

Proof. This follows from Theorem 3.11 and the maximum principal for the 
heat operator (|) + A on I. □ 

Then using this lemma, we can prove the following lemma similar to [8, 
Lemma 8]. 
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Corollary 3.14. Let H(t) = Hoh(t) where h(t) is smooth solution of (18) 
in X x [0, T) with the initial value Hq for a finite time T > 0. Then H(t) 
converges in C° to a nondegenerate continuous metric H(T) as t — > T. 

Using almost the same procedure as [6] (or [8]), we can further prove 

Lemma 3.15. Let H(t),0 <t<T,be any one-parameter family of Her- 
mitian metrics on a holomorphic principal bundle P over a compact K'dhler 
manifold X such that 

(i) H{t) converges in C° to some continuous metric H(T) as t — > T, 

(ii) supx\Fn\ is uniformly bounded for t <T. 

Then Hit) is bounded in C 1,a independently of t G [0, T) for < a < 1. 
Now we can prove the global existence of (17) in the following theorem. 



Theorem 3.16. Assume that both the base manifold X and the fiber M 
are compact K'dhler manifolds, where M supports a Hamiltonian G-group 
action, and P is a holomorphic G-principal bundle over X. Let Hq be a 
Hermitian metric on P, Aq the canonical connection with respect to Hq (it 
is well-known that Aq G A 1,1 ), uq a holomorphic section of the fiber bundle 
P Xg M , i.e. 8a uq = 0. Then the equation 

dH 

— = -2iH[AF H + niu) - c] 

has a unique solution H(t) which exists on X for < t < oo. 

Proof. The proof is totally similar to [8], so here we only give a sketch. 
The local existence and uniqueness of this equation has been proved by 
previous result. Suppose that the solution exists for < t < T. By lemma 
3.13, sup x \Fh\ 2 is bounded independently of t G [0,T) and Fh is bounded 
independently of t G [0, T). By corollary 3.14, H(t) converges in C° to a 
nondegenerate continuous limit metric H(T) as t — > T. Thus by lemma 3.15, 
Hit) is bounded in C 1 ' independently of t G [0,T). Let H(t) = H h(t), 
where hit) solves 

— = -A Ao h - i[hF Ao + F Ao h + 2(/i(«o) - c)h] + 2i A (dAohh^dAoh). 

Then it is totally the same as the proof of [8, Theorem 11] to prove that h 
is C 2 '° and ^ is C a with bounds independent of t G [0,T). Thus H(t) -»• 
H(T) in C 2 ' a , hence in C°° . For the initial value H(T) we use local existence 
theorem (Theorem 3.8) again. Therefore the solution continues to exist for 
t < T + e, for some e. This completes the proof. □ 

Proof of Theorem 1.1. By Theorem 3.8, Theorem 3.10 and Theorem 3.16, 
we can immediately obtain Theorem 1.1. □ 
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4 Application 



In this section we will use the heat flow of Yang-Mills-Higgs functional to 
give a new proof of Theorem 1.2 which is critical to his Hitchin-Kobayashi 
correspondence theorem [13, 14]. The idea is the same as [8]'s approach 
to combine Donaldson's method [6] with Uhlenbeck and Yau's method [19]. 
Due to the property of the heat flow, we apply a well-known PDE result to 
prove an inequality which relates C° and L 1 norms of s € Met^ B , that is 

sup|s| < CbII^Hl 1 - (37) 

Then we prove 

IMIli <C[^ c (e s ) + C' 2 . (38) 
After combining the two inequalities, we can prove Theorem 1.2. 

4.1 c-stability 

First let's recall the definition of c-stability [14]. Suppose that (M, a;,//) 
is a compact symplectic manifold with a Hamiltonian group G-action and 
H : M — >■ g is the corresponding moment map, where the Lie algebra g car- 
ries an invariant inner product < • , • > . 

Definition 4.1. Vx € M and s G g. Let Xt(x; s) = /j, s (e lts x) =< u(e lts x), s > 
Define the maximal weight X(x; s) of the action of s on x to be 

X(x; s) = lim t ^oo\t(x; s)elU {°o}. 

Let g = Lie(G), we have g = I © g s , where [ is the center of g, and 
s = [fljfl]- Suppose that t) C g s is a Cartan subalgebra , and i? C f)* is the 
set of roots, then we have g = '©^©©agi? ga, where g a C g s is the subspace 
on which f) acts through the character a 6 f)*. We can decompose the set 
i? of roots in positive and negative roots as: R = R + U R~ . Write the set 
of simple roots A = (a±, . . . , a r ) C R + . Take a maximal compact subgroup 
K C G, and let t = Lie(K). Then take any subset A = {a^, . . . , aj s } C A, 
and let 

D = Da = {a £ R\a = Ti r - =l mjaj, where mj t > for 1 < t < s}. 

Definition 4.2. We call the subalgebra q = [ © i) © ($) aeD Q a parabolic 
subalgebra of g with respect to A C A. The connected subgroup Q of G 
whose subalgebra is q is called the parabolic subgroup of G with respect to 
A. Let Ai, . . . , A r be the set of fundamental weights, then we call any positive 
(resp. negative) linear combination of the fundamental weights A^, . . . , Aj s 
plus an element of the dual of i(l n t) a dominant (resp. antidominant) 
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character on q (or on Q). 



Definition 4.3. Let P — > A be principal G-bundle, Pq = P Xk G, and 

P(G/Q) = P G x G {G/Q). We call the space T(P(G/Q)) of sections of the 
bundle P(G/Q) as the space of reductions of the structure group of Pq 
from G to Q. A reduction a is holomorphic if the map <r : X — > P(G/Q) is 
holomorphic. 

According to [14], there is a section g aa G n^Px^it) which is fiberwise 
the dual of x f° r a parabolic subgroup Q C G, a reduction <r G T(P(G/Q)) 
and an antidominant character [14] has also proved that C is a Kahler 
manifold with a Hamiltonian Gk{= r(P x^^ i^)-group action, its corre- 
sponding moment map is 



Therefore, we can define the maximal weight of s G Lie^Qx) = Q°(P x^f!) 
acting on a section u G £ as 



Fixing any central element c G I fl Vu G £, we define the c— total degree 
of the pair (<r, %) as follows: 



where the definition of deg(a,x) can be found in [14]. 

Definition 4.4. A pair (A, u) G A 1 ' 1 x C is called c-stable, if for any Ao C A 
whose complement A \ Ao is a complex codimension 2 submanifold of A, 
for any parabolic subgroup Q C G, for any antidominant character x of Q, 
and for any holomorphic reduction <t G T(Xq; P(G/Q)), we have 



Definition 4.5. A pair (^4, n) is called simple if there is no semisimple ele- 
ment in Lie(Qc) which leaves (A,u) fixed, where Qg = T(P XAd G). 

Now we can state the main theorem of [14] as follows: 

Theorem 4.1 (Hitchin-Kobayashi correspondence). Assume that (A,u) G 
A 1,1 x C is a simple pair. Then there exists a gauge transformation g G Qg 
such that 



l*c{u) = n(u) = u-u. 





> Vol(X), 



r>,x)>o. 



AF g(A) + V{g{u)) = C, 



if and only if (A, u) is c-stable. 
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4.2 Heat flow proof of Mundet's theorem 

According to [14], both A 1 ' 1 and C arc Kahler manifolds. Hence A 1,1 x C 
is also a Kahler manifold with a Hamiltonian C/x-action, and the moment 
map is /i c (^4, u) = AF A + fi(u) — c. Then we have the integral of the moment 
map \E ,C (for more details see [13, 14]) defined on A 1 ' 1 x C x Qq. We will 
see that if the pair (A, u) G A 1 ' 1 x C is c-stable, then the map \l/ c satisfies 
an inequality like that in [4, 16]. This method is almost the same as that 
appears in [8]. Therefore, we only give a sketch in some steps of the proof, 
referring to [8] (or [4]) for details. 

Recall that there is an invariant inner product < , > on g which induces 
a norm | • |. On fl°(P x Ad fl) we can define the L p norm: 




and the L 2 norm: 

\\ s \\l% = \\ s \\lp + ||gUs||lp + \\Vd A s\\ L p, 

where d A is the covariant derivative with respect to the connection A, and 

V = V LC <g> d A : n°(T*X <g> P x Ad q) -> n\r*x ® P x Ad ), 

where V LC is the Levi-Civita connection. Now we can define 

Met p 2 = L? 2 {P x Ad it) 

as the closure of Q°(P x Ad it) with respect to the norm || • \ \ l p. Then take 
a subset of Aiet^ as follows: 

Metl B = {s£ MetllW^ie^A^))^ < B}, 
where B £ R + . 

Next using previous theorems on the global existence of heat flow in 
section 3, we can prove a lemma totally similar to [8, lemma 12]: 

Lemma 4.2. Let H(t) = Hoh(t) = Hoe s ^ be Hermitian metrics which h is 
the global solution of (18) on X x [0, +oo). Then for any sequence of tj — > 
oo, Tr(AFH(tj) + fJ,(e s ( tj ^ uo)) converges to some constant a in weakly L\. 
Moreover, J x < fi(e s ^^uo),s(tj) > also converges a constant as tj — > oo. 

Proof. By lemma 3.1 (energy inequality), we know 

/ IKit^Ait^) + D A(tj) F A(tj) \ 2 -> 0, (39) 

as tj — > oo. By lemma 3.5 and lemma 3.6 we have 

i(-d A + B A )(AF A + fi(u)) = -L* u d A u - D* A F A . (40) 
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2i 

Then 



Therefore 

J |V A (AF A(tj) + fi(u(t 3 )))\ 2 = f iL^d^jufo) + D* A{tj) F A{tj) \ 2 -> 0. 
Since V^Tr = TrV^, we have 

\V A Tr(AF A{tj) + /i(«(*j)))| 2 -> 0- (41) 
By Theorem 3.11, we know that | A FA(t s ) + A*( u (*i))l ^ bounded and then 
Tr(AF H (tj) + M(e fe) u )) = Tr(AF A{tj) + a*(«(*j))) -> a, 

weakly in as tj — > oo for some function a with Va = 0. This means that 
a is a constant. By Chern-Weil theory, we have 

J Tr(AF H + fi(e s u )) = 4irC 1 (P) + 2i J < fi(e s u ), s > . 

limtj^ooj < ti(e a ^uo),s(tj) >= aVol(X) + 2fvrCi(P). (42) 

This completes the proof. □ 

Lemma 4.3. Let H(t) = Hoh(t) = Hoe 8 ® be Hermitian metrics where h(t) 
is the solution of (18), then there exists a constant Cb such that 

sup\s\<C B \\s\\ L i. (43) 

Proof. The proof is totally similar to the proof of [8, lemma 13]. □ 

Proof of Theorem 1.2. Using lemma 4.3, and following Simpson's method 
[8, 16], we can prove Theorem 1.2. 

For H = Hoh = Hoe s , define the integral of the moment map (see [14] 
for more details) as follows: 

* c (e s ) = M U0)C (H(t)) 

= 2i Tr{s A F Ho )dX + 2 < (f){s)d Ao s, B Ao s > dX 
Jx Jx 

+2i / < fj,(e s u ) - n(u ), s > dX - 2i log det (e s ■ c)dX, 
Jx Jx 

where <p is constructed from the function 

e A2 ~ A i - (A 2 - Ai) - 1 



0(Ai,A 2 ) 



(A 2 -Ax) 2 
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The functional can be seen as a modified Donaldson functional. In fact, 
when M = {pt}, it coincides with the Donaldson functional [6]. 
Then we have 

j* c (e s ) = j t M UOiC (H(t)) = -4 J | A F H + ^(u) - c\ 2 dX < 0. (44) 
Since M UQjC (H(0)) = 0, it yields that 

* c (e s ) = M UOjC (H(t)) = -4 / f \AF H + n(u) - c\ 2 dXdr < 0. (45) 

Jo Jx 

By lemma 4.3, to prove Theorem 1.2, we only need prove 

\\s\\ L1 <C[* c (e s ) + C 2 . (46) 

We can suppose the contrary and then deduce that the pair (A, u) cannot 

be c-stable in this case. If there exists not such constants, then we can 
find a sequence of Cj — > oo and Sj £ J^iet^ B with — > oo such that 

HsjIIl 1 ^ Cj^ c (e s ). Let lj = \\sj\\ L i, Uj = lJ l Sj, so = 1 and 
sup\uj\ < C. Then we have 

Lemma 4.4. ([14]) After passing to a, subsequence, there exists Uqq G 
L\(P ig) such that Uj — 1 in L\{P x^d id) and 

X((A,u); -iuoo) < 0. 

Proof. Using the proposition (2) of the integral of the moment map in [14, 
Proposition 3.3], we have 

|* c (e s ) = j t M UOiC (H(t)) = \ t ((A,u);-is). 
By (44) we can obtain 

X t ((A,u); -iuj) < 0. 
In particular X t ((A,u); —iu^) < 0,Vi > 0. By Definition 4.1, we have 

X((A,u); -iuoo) < 0. 
This completes the proof of lemma 4.4. □ 

Following [6] or [8], then using lemma 4.2, the same argument in [16, 
lemma 5.5] yields that all eigenvalues A; of constants for almost 

x G X, and defines a filtration of V by holomorphic subbundles in the 
complement of a complex codimension 2 subvariety Xq of X. The filtration 
of V on Xq and Uoo lead to a holomorphic reduction a G T(Xq; P(G/Q)) 
for some parabolic subgroup Q of G, and an antidominant character x °f 
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Q. By [14, lemma 4.3], the c-total degree T£(a,x) °f the pair (a,x) equals 
X((A,u); —iiLoo). Then by lemma 4.4 we have 

T>,x)<0. 

But this contradicts the c-stability condition. Thus we complete the proof 
of Theorem 1.2. □ 
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